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Abstract. Formulae are established describing how the round-off and observational
errors influence the reduced likelihood function, as a step towards providing guidelines
for such likelihood computations in a time series context. Error bounds are set up for
Ali’s method.
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1. INTRODUCTION

When p and ¢ are given, the maximum likelihood (ML) method provides a
precise way for estimating the parameters of an autoregressive moving-average
(ARMA) series. In the general case, there are three important methods for
calculating the likelihood function: the Box—Jenkins method, Ali’s method and
the innovations algorithm. Box and Jenkins (1970, Ch. 7) developed an iterative
method to calculate the approximate likelihood. Galbraith and Galbraith (1974)
and Ali (1977) use Woodbury’s formula while Chen and Gu (1983) use a
partition matrix technique to calculate the inverse of the correlation matrix. All
of these provide fast recurrence methods. Harvey and Phillips (1979), Rissanen
and Barbosa (1969), Kailath (1968, 1970), Ansley (1979) and others developed
the innovations algorithm, while Pan (1981) uses a matrix method, getting the
same recurrence procedure. In this paper, we focus on Ali’s method.

These are basically three kinds of errors that influence the accuracy of
calculation in a statistical procedure: the measurement error, the method error,
and the round-off error. We discuss here how these different errors influence
the computation of the likelihood in a time series context. In general, most
statisticians do not pay much attention to the round-off errors and that can be
castastrophic as Faye and Vignes (1985) pointed out. Sometimes the entire
calculation can be meaningless because of round-off errors, as we show in our
Example 1. Koreisha and Pukkila (1990) also point out some problems arising
out of round-off errors in ML estimation. Moreover, the observations data are
not always measured exactly, often being in error by 1%—10% of the exact
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value, as for example when we measure temperature. In this paper, we find that
the influence of these errors on the computations cannot be ignored. We
develop ‘error analysis’ formulae based on Wilkinson’s (1963) work, to
describe how these errors propagate through the large number of computational
steps that are involved.

Notations and assumptions about round-off error as well as some basic
formulae are introduced in Section 2. In Section 3, we establish the error
formulae for Ali’s method and consider some asymptotic properties of the
propagation of round-off error, while Section 4 provides brief conclusions.

2. NOTATION AND FORMULAE

Consider {y,}, an invertible and stationary ARMA series,
Vi—P1Yi—1 — - — ¢pyt7p =a;,—0ia;_y — - — eqat—q 2.1

where a, are independent random variables from N(0, o?) while o, ¢4, ..., P,
and 0, ..., 0, are parameters. To simplify notation, we will replace p and g by
r = max(p, q) with the understanding that some coefficients ¢; or 6; are zero.
Suppose now X = (xq, ..., xy)' denotes the observation vector with error vector
n=1,...,qy)"; ie. X =Y +1, where we assume that these observational
errors {n,} are independent variables from the uniform distribution
U(—0.5d, 0.5d) for some d > 0. Write the above equations for t=1,2,..., N
in the following partitioned form:

—p, o e =1 | 1 0 0
0 —¢, -+ =2 | —¢1 1 :
0 0o D : '
0 0 0 —¢, | —¢r
0 o o0 0 | -9 - 1
. o 0 . 0
0 o o0 o0 | - 0 —¢, —¢ 1
ylfr
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o
N
B
YN
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-0, - - =0 | 1 0 0
0 -0, -6, | -6, 1
o 0 . i : '
=l o 0 0 -6, | -6,
o 0 0 o0 | -6, -0, 1
: |0 0
o 0 o0 0 | 0 —0, -0, 1
aj—r
ap
X
a
a
an

which is used to define the matrices in the corresponding equation:

(1) (5)=(Tle) ()

k% * vk
Z:(DY:@a—i—(@ a—o°Y >:@a+<g>:@a+D

0

where d is of length r and is uncorrelated with a. Considering the covariance
matrix of Z then gives the expression involving the covariance matrix I of Y,
namely

Pro’ = 00'o? +02<P 0)
0 0
where 02 P is the r X r covariance matrix of d which may be calculated directly
from the ARMA model parameters.
We denote the reduced likelihood by S =o0?Y"I"'Y and its actual
computed value, which is influenced by both round-off errors and observational
errors, by S,. Writing @~ T = (@7)~!, by Ali’s method we have
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—1
P 0
S:YTGDT{@@T—F{O 0}} oY

M 0
:YTcpT{@T@l—@T@l[O O]@TQI}QDY (2.2)

where an expression for M is
M =076+ P!

and [@~TO@7!] is the first » X r block of @ T@~!. This expression is derived
using a standard matrix inverse identity. It may also be derived from the
likelihood expressions which naturally provide an alternative form which is very
similar but much less prone to numerical error.

If both T and d were observed and hence both Z and d, the reduced
likelihood would be

S=d'a+d"Pld=[0""(z-D)]'"0(Z-D)+d"P'd.

The required reduced likelihood is achieved by replacing d in S by its
minimizing value

d=([0"'6"1+P e "6'Z

where [@~ ] is the matrix formed by the first » rows of @~

Substituting this value of d in S, expanding and simplifying also leads to
(2.2). It may, however, be employed directly in the alternative form
S=a"a+d P'd where a®@~'(Z — D). Expression (2.2) is widely used and
we investigate the numerical errors in its computation. The alternative form is a
sum of positive quantities. We have seen in particular examples that the latter
form eliminates most of the numerical error obtained when using (2.2). Note
that @ 'y and @ Tu may be calculated by recurrence as follows. Let

by u c1 u
by N 1) |
=0 . and . = 0O
by Uy CN uy

Then, we have
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b = u;
b2:U2+01b1
bp+1:up+1+01bp+---+6’pb1 (23)

bp+2 = Upy2 +01bp+1 + -+ prz

by =uy+601by_y +---+ 0,by_),
and
CN = Un

cn—1 = un—1 + Oicn (2.4)

co=u+6ic; +---+ epcp+1-

Recall that

-0, . e =6 —¢, . Y
o — . 0, - —0 o — . ¢, - —p
0 2 0 e =g,
Yi-p aj—gq ay
Y* - a* - a =
Yo ao an
N ar101a, — - — 6
r+101ay Ar—g—1
o 2 —oin o * 7
Yr— @1y .—"'—¢yo ay = Oy = oo = Oy
Then
39
DY = { 0] (2.5)
a
and
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E(Y*a")=0. (2.6)
Let
(—¢, o — 1 Y B
i 0 -, ¢ 1 0 (Y*>
7 =
0 A\ r
L 0 7¢p ’ _¢1 1 J
* vk
_ <_¢0 Y ) + oY 2.7)

From (2.5), (2.6) and (2.7), we get

. * * 07
E(ZZ" = (®Ir'®d" + PTEYTYT) 0

0 0
* 10T *T * *T
E(Y'Y" ) 0 O Iro 0 2.8)
0 0 0

with

Yo Yoo Vp-l

71 Y2 e

I_‘ =
p e e Y1
Yp-1 - V1 Yo
On the other hand, we can also write
[—0, -0, 1 0 0 7
Z B 0 —Gq —61 1 0 (a* )
= . .
L 0 -6, -0, 1 |
O*a*
= ( ¢ ) +Oa
0
so that
o k *T
EZZ7") = oza@T[@ 0@ 8] (2.9)

Comparing (2.8) with (2.9), we get
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@DF@T:02<@@T+[§ 8 ) (2.10)
and
r=o0% o '00" + M0 o T
0 0
so that

o’ =o' (@T@‘ AN H)l 8} @T@1> o'
We now make the following standard assumptions regarding the round-off
error, during the numerical computations. Because the calculational and
observational errors are small, their products are neglected.

AsSUMPTION 1. The error in a product ab is ab¥’ where |¥| <278 and g is
a characterlstlc of the computer itself. Hence, the error in Hlk It

E q/H 1 4i-

/?SSUMPTIO;\I 2. The err(zr 1in a s;lr{l a—+bis a¥, + b¥W,. Hence, the error in
doimai s Y@Vt iy aiy &, with § =0 and [§;]<27¢.

From these assumptions, we have the following proposition.

PROPOSITION 2.1. If the order of calculating b+ > a;c; is ‘first compute
> a;c; and then add b’°, the accumulated calculated error in @u is given by
{(@ - D@+ ¥, + & L)} u+ Ps@u. By the recurrence method, the error
in @'V is O7'[{(I -O)@Ws+EL + V)0 v+ Ps@v], where @
stands for the Hadamard product and

0 0
o 0 .. 0 11 1
&1 0 o .- 0 0 1 1
= ’ L:
& Eap &4 0 0 0 :
L O &vpr o Sva 0 0]

with & and L, having similar forms.
The proof of the following proposition is straightforward.

PROPOSITION 2.2. Denote ¢(z) =1— ¢z — — ¢pzl’, 0z)=1-6,z
— — 0,z9. Let u,, v; be the coefficients of z'=! in the power series of

{6(2)} Uor {¢(z)}~". Then
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u 0 - 0 vy, 0 - 0
-1 uy 231 0 -1 _ | L2 U 0
I 0 e 0
uy - U Uy vy - U Uy
and
i SV g uy
@7T@71 _ 771M§ Un_—1
uj
where u; =0 %), vy =0u), 0=ugy=u_1=---, 0=vg=v_1 =---,
A=min{|d1|, |A2], ..., [A4]}, 4 = min{|u1, |uz], ..., |up|} and {4;} are the roots

of 6(z), {u;} are the roots of ¢(z).

3. ALI’S METHOD

For Ali’s method, it is easy to see that the observational errors do not influence
M in (2.2) at all, because p, g are small while N is relatively large. We suppose
that M is independent of N and the calculational errors in M can be neglected.
From Proposition 2.2 we obtain the following theorem.

THEOREM 3.1

M 0

_ Ty 5T
S, =V Z{O 0

:|Z+84

where

U=®X = ¢ &1 :{(¢—I)@(W1+'1U2+§1L1)}Y+ '1”3@Y
V=0 U+e) e&={U-0)@Wi+¥s+EL)O'U+V@U

Z=0""(V+e) & =T{O0 - D@+ Vs +&L:)}O7V + W@V
N-1 N-1

&4 —ZV (Wai + Vi) + Z Z ‘:&»aj + Z mUZle(BUaU + llyby + ]1Uczj)
+szjzzjz‘:&ablk+zglzmjzlzj +szjzzjz‘:&;ck

i=1 j= i=l j=

N r
+ ll’d E Vlz- + g’e E miziz;.
1 i,j=1
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We now consider an asymptotic property of these accumulated errors, in the
following.

LeEMMA 3.1
N

lim %Z

1

N—k+1

ay E uj-akﬂ]'—E

1

=co (3.1)

00
ai E Llelj
1

k+1
+ o

T

Ujdjsj—1|
e =c=2

:E|a1|E

N N—
lim " |ak-i21
1

00
ay E ujaj
1

N

[3S)
VR
-[~]¢
<
~. N
~
=
[\S)

PrOOF. We prove only (3.1) since (3.2) is similar. Let

N—k+1

~
Sng = E UjQyj—1 fN:E Uiy j1-
1

1
Then

2

N 2 N
(Z |fvear] — Co) < 2{2 |kl (1f el — |fk|)}
T T
N 2
+2<Z |frax| —Co>
T

2

N 2 N—m
{Z |ael(|f el = Ifkl)} = 2{ > lawl(fl — Ika)}
1 1
N 2
+2{ > lawl(lf sl — |fk|)}

N—m+1

where m is selected so that E{|a;|(|fn] — [f%])}> <€ when k<N — m. Since
E{|ay|(|fnt] — |f%])}* <c1, when N is large enough,

N 2
1

On the other hand,

N 2
E{Z(|akfk| - Co)}
1
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= NE(|laifi| — co)* + 2(N — DE{(la1 f1| — co)(|azfa| — co)} + -+~
+2E{(larf1| — co)|anfn| — co)}.

However,

E{(la1f1| — co)|arfx| — co) = E(|larfiarfx| — c5)

e

k-1
= E{ ( a Zujaj
1

= o(1).

o)

S5

k

a; ) |akfk|} -

}co — c(z) +0o(1)

Hence, (3.1) is proved.

Analogously, we can obtain the next lemma.

LEMMA 3.2
1 N N—k+1 %)
lim 2> ves Y wjare| = Eves ) jwagl=di - (33)
1 1 1
where
o 1/2
d,—d—a(yozz@) i=1,2,
1
Since

S, —S=2Py+e +e)O0To oy

M 0
—2{07 (P +e +e)+e} O] { 0 0} o To oy
we can estimate the influence of €, & and ;. Let a = (ay, ..., ay)’.

THEOREM 3.2. If ¢;, 0; are true parameters
nNoTeTe oy
N

P
%|819*T@*1¢>Y| < p{do +> (p—t+ 3)|¢z|d} +o(1) (3.5)
1
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1 T T 1 .
§1E0 O Py = pleo + > (g - t+4)0/]cp +o(1) (3.6)
1

M 0

1
N {83 + @71(81 + &+ @ﬂ)}T@71 [ 0 0

]@T@ldﬂ’} =o(l). (3.7

Proor. Consider

I rgTo-To- B R I
Nn@@ O <PY—N77<P@ a—+o(l)

N—k—-1

|
:Nqu(B)uk Z n;aj+k-1+0(1)
T

1
=o(1).

By Lemma 3.2, it is easy to see that

1 1 < X
NI@ = D@INTSTOTDY| < 55 plonl D Lyicsfwl +0(1)

P
=p > |pdd+o(1)
1

1 1 &
N@NOTOT R < p ) Iy Sl + o)

= pdy + o(1)
and

%I[{qb — D@E L}YI'07 'O @Y

1

=

=|

)4 N
D pp—t+ D] > [yl +o(1)
1 1

p
=Y |¢dl(p— 1+ Dd: + o(1).
1

Hence, (3.5) holds. The proof of (3.6) is analogous. Let a; be the ith column of
O, b=e3+ 07 () + & +Pn), h=0""'®Y =a+o(l). There exists ¢,
such that ||b;]| < ca||hi]| < ¢, for all i. Hence,
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M 0
0 0

O Th

pTe™! {

1 1
: LS

= o(1).

Our results indicate that, because of the large number of computational steps
involved in computing the likelihood, the numerical errors accumulate and can
become huge, especially when the u; do not decrease. This can result in gross
errors in parameter estimation. Using double or triple precision (i.e. increasing
the g in Assumptions 1 and 2) would alleviate this numerical problem to some
extent. Our results also indicate that the observational errors sometimes play a
more important role and overwhelm the numerical errors. In practice, the errors
will counteract each other, so that the influence of &, & and &3 will become
smaller. On the other hand, if v™v, > myz;z; are large, the error in calculation
of M may be large. Hence, a large propagation of round-off error may be
produced, as the following example indicates.

EXAMPLE 1. We consider ARMA(0, 15), i.e. y; = (1 —0.5B)"a,, and take
380 pseudo-random numbers from N(O, 1) as {a,} to get ¥ with N = 365.
Although the exact value of § = 344.123, using Ali’s method we obtain
Somyziz; = 0.523944 X 102 and S, = 0.358259 X 10'%, whereas S, = 0.5768
X 103 by the innovation algorithm. When using triple precision, these two
methods yield 5000 and 350 respectively. Convergence does not occur at all by
the Box—Jenkins method. The problem here is that the u; are large and do not
decrease with j.

When d?/27¢ is large, nT®T@~TO! Fy cannot be neglected. By a lengthy
deduction analogous to arguments in Lemma 3.1, we can establish the
following theorem.

THEOREM 3.3
SR S I A 1o ZOO 2

When the #; are not independent, (3.4) does not hold and their influence is
large because of the following theorem.

THEOREM 3.4. When q;, f; are true parameters,
1/2
+ o(1).

L 1 aT o To-1 ! N 2
vt eteTeley| < Soo Z{cp(B)u,}
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4. CONCLUSIONS

1. When vy( or Zu? is very large, as for example when one of the roots of
¢(z)0(z) is near the unit circle, round-off errors play an important role when
computing the ML estimator.

2. Ali’s method is convenient for theoretical deductions, but from the
viewpoint of error analysis it is an ill-conditioned method. Because limv, = 1,
the innovations method is not an ill-conditioned algorithm.

3. When the round-off errors are considered as random variables (see Faye
and Vignes, 1985), the variance of the ML estimator can be highly inflated.

4. If 6*/27¢ is large or if the observational errors are not independent, their
influence could become larger than the influence of the round-off error.
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